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Abstract. We study a class of representations of the Lie algebra n(g)C[t, t~^], where n is a nilpotent 
subalgebra of 5(3. We derive Weyl-type (bosonic) character formulas for these representations. We 
establish a connection between the bosonic formulas and the Whittaker vector in the Verma module 
for the quantum group Uv{sl3). We also obtain a fermionic formula for an eigenfunction of the 5(3 
quantum Toda Hamiltonian. 



1. Introduction 

Let n = Ce2i ® Ce32 © Cesi be the nilpotent subalgebra of the complex Lie algebra sis, and let 
n = n0C[t,t~^] be the corresponding current algebra. In this paper we study a class of n- modules. 
The simplest example of the modules in question is the principal subspace V'^ of the level k vacuum 
representation of 5(3 (see [FSJ). Namely, let be the level k vacuum representation of the affine 
Lie algebra 5(3. Fix a highest weight vector G M^. Then 

V'' = U{n) ■ v^. 

The principal subspaces are studied in [AKSj . [C] , [CLM] , [FSj . [G] . |LP| . [P] . In particular, the 
following fermionic formula is available for the character of V^: 

(1.1) chV'= V , 

where (a)„ = nr=ro^(-'- ~ o.Q^)- O^^^ of our results is the following new formula for ohV^ . For 
non- negative integers di, (i2, set 

-'di,d2(^l' ^2) ~ 



JdiA2{zii ^2) 



Id^,d2{zi,Z2) 



{qzi)oo{qz2)oo{qzi 

We show that 

(1.2) chV^ = Zf'^izf2^*^(d?+rfl-di<i2)j^^^^^^^^^2di-d2^^^^2d2-di)^ 

di,d2>0 

In the right hand side, each summand is understood as a power series expansion in zi,Z2. Formula 
(jl.2p was conjectured in [FSlj . 
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The functions Idi,d2i-^i^ ^2) are known to be the coefficients of the expansion of an eigenfunction 
of the sis quantum Toda Hamiltonian (see |GL| ). Namely, define the generating function 

I{Ql,Q2,Zl,Z2)= Yl QlQfldud2{zi,Z2). 

di,d2>0 

The 5(3 quantum Toda Hamiltonian H is an operator of the form 

H = + g^/^*i(l - Qi) + g^/^*2(l - Q2) 

acting on the space of functions in variables Qi, Q2- The variables ti are introduced by Qi = e**~^~*' 
and 

Let the variables pi, p2 be such that zi = Pi'^P2, Z2 = PiP2^- Then 

(1.3) h(^P^P^I{Qi,Q2,Zi,Z2)^ =iPl+Pi^P2+P2^)HQuQ2,Zl,Z2) 

(see |GLj . [E] . [BF] ). Equation ()1.3p can be rewritten as a set of recurrent relations 

(1.4) {p,{q^^ - 1) +prV(9"^-"^ - 1)+P2\q-''' - l))Id,,dM,Z2) 

= P2Pi\'^^''^'Idi-l,d2izi,Z2)+P2\~'^^Idud2-l{zi,Z2). 



In this paper we call (|1.4p the Toda recursion. 

One of the consequences of the formulas (jl.ip and (11. 2p is the following recurrence relations for 
the rational functions J^^^rfj (-^^i; -22): 

(1-5) Idi42izi,Z2) = ^ ^ ^~TV n In^,n2{zi,Z2), 

ni=0n2=0 Wdi-"iWjrf2-n2 

which leads to the fermionic formula 



(1.6) /di,d2(A,^;2) = X] 



f , 1 ('Z)<ii-ni (9)ni-n2 • • • (9)d2-mi (9)?Tii-m2 • • • 

where the sum is over all sequences {nj}, {rrii} such that 

rij, rn-j G Z>0) > rii > 722 > . . . , d2> rrii > m2 > . . . , 

and rii, rrii vanish for almost all i. We conjecture that the obvious generalization of (jl.6p to the case 
of sin gives the coefficients of an eigenfunction for the corresponding quantum Toda Hamiltonian. 

Let us briefly explain our approach to the computation of the character formulas. Recall (see 
|Klj ) the Weyl-Kac formula for the character of an integrable irreducible representation Mx of a 
Kac-Moody Lie algebra. It is written as a sum over the set of extremal vectors in Mx- We call 
the summands the contributions of the extremal vectors. There are two different ways to compute 
these contributions. The first one is algebraic (see |K1| . [Kumj ) and uses the BGG resolution. 
The second uses the realization of Mx as a dual space of sections of a certain line bundle on the 
generalized flag manifold and the Lefschetz fixed point formula (see [Kumj). We want to obtain 
a formula of the same structure by a combinatorial method. Let us explain our method on the 
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example of M\. In this case the extremal vectors are labeled by elements of the affine Weyl group 
W ^ and the character formula can be written as 

(1.7) chMA = exp(it;A) lim (exp(-it;(nA))chM„A)- 

Roughly speaking, we compute the character of Mn\ in the "vicinity" of the extremal vectors 
and sum up the results. We apply the same approach to the characters of n-modules. We use 
combinatorial tools to compute the terms corresponding to lim^^oo (exp(-w(nA))chM„A) in (fTT]) . 
Thus to obtain a bosonic formula for the character of an n-module M we follow the three steps: 

(i) find (guess) the set of extremal vectors of M; 

(ii) find (guess) the contribution of each vector; 

(iii) prove that the sum of all contributions equals to the character of M. 

Step (i) is more or less easy, while steps (ii) and (iii) are subtler. For example, for the prin- 
cipal subspace V'^, the extremal vectors are labeled by Z?,q and the corresponding bosonic for- 
mula is given by (jl.2p . In particular, the contributions of the extremal vectors are given by 
Jdi,d2i^'^l'^'^^~'^^ ^ ^2q'^'^^~'^^)- In order to complete step (iii) for V^, we introduce a set of n-modules 
which contains, in particular, all principal subspaces in integrable sts-modules. We describe these 
n-modules below. 
Let 

eij[n] = eij O G n, eij{z) = ^ eij[n] ® z^"^^. 

The module can be described as a cyclic n-module with a cyclic vector v such that the relations 

e2i(z)'=+i = 0, e32(^)'+'=0 
hold on V^, and that the cyclic vector satisfies 

eij[n]v = (n > 0). 

Let ki,k2,li,l2,h be non-negative integers satisfying ki < k2- The module U^^^l^^^^ is a cyclic 
n-module with a cyclic vector v such that the relations 

e2i(^)'^+' = 0, e32(^)'^^+' = 

hold on ^755^, and that the cyclic vector satisfies 

e2i[n]v = 0, e32[n]?; = (n > 0), 

621 [Of '+^V = 0, esi [if-'+^V = 0, 632 [Of'+^v = 0. 

Similarly, the module Vil\'^^^ is a cyclic n-module with the cyclic vector v such that the relations 

e2l(^)'^+'=0, 632(^)^=^+^=0 

hold on Vi^\'^^i^, and that the cyclic vector satisfies 

e2i[n]v = 0, e32[n]?; = 0, e3i[n]?; = (n > 0), 

e2i[0f^+^v = 0, e32[0]'^+^?; = 0, 

621 [0]"e3i [0]'3+i-"t; = (0 < a < /3 + 1). 
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The structure of the set of extremal vectors is more comphcated for the modules ul'_^l^^i^ and Vi^^i^^^ 
than for V^. The extremal vectors of the modules f^^^^ij^^g and ^J^V^^/s labeled by (d,cj), where 
d G Z>Q and a is an element of the Weyl group of sta. On the other hand, the computation of the 
contributions of extremal vectors for f^/^^/^^^a ^h^hh simpler than for V^. We write these 
contributions explicitly and prove that they sum up to the characters of the modules f^/'^^/'j and 

^h^h^i'i ^^^^^ the parameters li,l2,h belong to a certain region. To do that, we show that the 
characters and the sums of the contributions satisfy the same set of recurrent relations. We also 
show that the solution of these recursion relations is unique. 

The principal space is isomorphic to Uq'^q. Equating the bosonic formula and (jl.2p . we arrive 
at the identity 

min{di ,(^2) 

(1-8) -^dl,d2(^l>^2) = -^di,d2,n(^l,^2), 



n=0 



where 



Idi,d2,n{zi, Z2) 

1 {qZ2)c 



{q)di-n{q)d2-n{q)n {qz^ ^)d,-n{qZi ^^2 ^)n(Q'^l-^"+^22)oo(g-'^^+2"+^22 %2-n{qZ2)dr-n{qZ2 \' 

The functions 1^^^^2(21,2:2) in the limit q ^ 1 appear in the study of the Whittaker functions (see 
[Is]). For generic q, they are also closely related to the Whittaker vectors in Verma modules of 
quantum groups (see [Kos] . [E] . [S]). We interpret (jl.Sh in terms of the representation theory. 
Namely, let oj and u) be the Whittaker vectors in the Verma modules of the quantum groups 
Ugi/2{5ls) and [/g-1/2 (sis). We fix the decompositions of to and Co in the Gelfand-Tsetlin bases: 

min{di,d2) min{di,d2) 

^ = X] ^ ^di,d2,n, ^ = X] ^di,d2,n- 

di,d2>0 n=0 di,d2>0 n=0 



We prove that 



min(di ,1^2) min(di,d2) 



Idi,d2,n = i^^di ,d2,nj ^di,d2,n ), Idi,d2 = ( '^di,d2,ni / J ^di,d2,n)^ 

n=0 n=0 

where ( , ) denotes the dual pairing. For the connection of the Whittaker vectors and Toda 
equations see also [GL], [BF], [G KLOj . 
Our paper is organized as follows. 

In Section 2, we recall known bosonic and fermionic formulas for the simplest case of sl2. This 
section is meant to be an illustration of the discussions which follow. In Section 3, we introduce 
the family of n- modules 

(1.9) I {h,l2,h) e P^''''h Kj^l I {h,l2,k) e P^^''^}, 

where the index sets P^^'^^ , p^^'^^ are defined in the text (see (|3.23p . (j3.24p l. Studying the structure 
of some of their subquotients, we derive a recurrent upper estimate for their characters. In Section 
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4, we introduce another family of n-modules 

(1.10) {{Uvo)tt% I (^i'^2,/3) e mo)tt% I ih,l2,k) G 4"'n 

using the vertex operator construction. These modules are parametrized by subsets r'^'^^ C P^^''^^, 
j^kiM ^ pki,k2 ^ggg (j3.39p . ()3.38p ). and are quotients of the corresponding modules ()1.9p . For these 
modules we derive a recurrent lower estimate for the characters. In Section 5, we show the unique- 
ness of solutions for the recurrent estimates (see Proposition 15.11 for the precise statement), and 
prove that in the parameter regions R^'^^ and Ry'^^, the modules (jl.9p and (jl.lOp are isomorphic 
(Theorem 15. 3p . In Section 6, we proceed to write bosonic formulas for these modules utilizing an 
inductive structure with respect to the rank of the algebra. We start by recalling previous results on 
bosonic formulas for modules over the abelian subalgebra a C n spanned by 621 [n], 631 [n] (n E Z). 
To make distinction we call the latter modules sta small principal suh spaces. Combining the char- 
acters for the 5I2 principal subspaces and those of the sla small principal subspaces, we present a 
family of formal series. Then we prove that these formal series coincide with the characters of (II. 9p 
in appropriate regions (Theorem 16.21 the region of validity for Vi^i^^^^ is R^'^^ , while for uf^f^'^^^ it 

IS a subset R^^'^^ C R^^'^\ see ()5.5p ). In Section 7, we consider the special case ki = k2- In this 
case some of the terms in the bosonic formula can be combined to give a simpler result of the type 
discussed in [GL]. We obtain such a formula (Theorem [73]), which includes as a particular case the 
character formula for the principal subspace (Corollarv lT.Sp . In the final Section 8, we discuss 
the connection to Whittaker vectors in the Verma modules of quantum groups. 

Throughout the text, Cab denotes the matrix unit with 1 at the (a, 6)-th place and elsewhere. 
For a graded vector space M = ®mi,--- ,mi,dezMmi,- ,mi,d with finite dimensional homogeneous 
components Mm^,--- ,m,i,d-, we call the formal Laurent series 

ch,,,..,,,,gM= (dimM^,,...,^,,rf)zJ"^---zpg'^ 

mi ,m; ,dsZ 

the character of M. In the text we deal with the case / = 1 or 2. We often suppress q from the 
notation as it does not change throughout the paper. For two formal series with integer coefficients 

/^^^= E /S,...,m..-r----r9'^ (^ = 1,2), 

mi ,m; ,d 

we write /^^^ < /(^^ to mean f^^^,„ ^^^^^ < /^^^ ... ^^^^^ for all mi, • • • , mi, d. 

2. Bosonic formula for the case of s^- 

In this section, we study the characters of the principal subspaces of integrable modules for SI2. 
We present fermionic and bosonic formulas for these characters. The contributions of the extremal 
vectors are calculated in two different ways, one from the combinatorial set which labels a monomial 
basis, and another from the fermionic formula. 

2.1. Principal spaces for 5(2. Consider the Lie algebra 5(2 = Cei2 © Ce2i © C(eii — 622) where 
Cab are the 2x2 matrix units. We also consider the affine Lie algebra 5(2 spanned by the central 
element c and 

e[n] = ei2 © t", f[n] = 621 © t", h[n\ = (en - 622) © (n e Z). 
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Let Mj' be the level k irreducible highest weight module of the affine Lie algebra s[2 with the highest 
weight I {0 < I < k). On Mj", c acts as a scalar k. The module Mj^ has a highest weight vector 
characterized up to scalar multiple by 

x[n\vi=0 {x = e, f,h;n > 0), 

e[0K = 0, /[0]'+V = 0, h[0]v^ = lv^. 

Let n be the subalgebra of 5I2 generated by f[n\ (n G Z). Let Vj^ be the subspace of Mj^ generated 
by f[~'>T] (n > 0) from The space V^'^ is called the principal subspace of M^^. It is known [FS] 
that is isomorphic to the cyclic module [/(n)^^ with the defining relations 

/(z)'=+i = 0, /[0]'+S'=0, /N^f = 0(n>0), 
where f{z) = X^^g^ /M-z^"^^- It is graded by weight m and degree d. Namely, we have the 
decomposition V/' = 0^ d=o(^/*')m d' ^^^^^ {^i^)md spanned by the monomial vectors 

(2.1) /[0]-o/[_i]aij[_2p...^fc 
with 

00 00 

(2.2) ^ Qj = m, ^ jflj = d. 

j=0 j=0 

A basis of the principal subspace V^'^ is described by the set of integer points IP^ = ^Tf H where 

= {{an)n>o I CLn G ^>o, An = for almost all n, aj + aj+i < k {j > 0), ao < 0- 

Proposition 2.1. [FSj The set of monomial vectors (|2.ip with the exponents (a„)„>o taken from 
the set 7f constitutes a basis ofVi^. 

The condition aj + aj+i < k comes from the integrability condition f{z)''~^^ = 0. 
The character of V^'^ is the formal power series 

oo 
m,d=0 

Two different formulas are known for this quantity. 
Proposition 2.2. [FS| The character Xii^) ^-^ given by 

riT,i,i=i in-imj min(i j)- mm{i,l)mi Y.'l^i i^i 

This formula is called fermionic. 
Proposition 2.3. [FL] The character Xii^) given by 

°° ^ ^nkqU^k—nl ^nk+l ^n'^k+nl 



^^,{Q'''zUiQUq-''^+'z-^)n ^o(g2"+^^)oo(<?)„(g-2"^-l)n+l' 



This formula is called bosonic. 
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2.2. Recursion relation. The recursion relation for the characters 

I 

a=0 

follows immediately from the definition of Tf. It can be rewritten as 

(2.5) xh^)=xli{z) + z'xtiiq^)- 

In this form, the recursion can be explained by the representation theory as follows. Let V^'^[i] be 
the f7(n)-module identical with Vj^ as a vector space, where f[n] acts as f[n + i]. We denote the 
vector vf considered as the cyclic vector of the module VJ^[i] by vf[i]. The identity ()2.5p for the 
characters corresponds to a short exact sequence of f7(n)-modules. 

Proposition 2.4. There is an exact sequence of U (n) modules 
where the homomorphism l is defined by 

^(^tJ-i]) = /[o]S'[o]. 

Proof. Let (/[O]') be the submodule of Vj'^[0] generated by the vector /[0]'i;;'^[0]. By the definition, 
there is an isomorphism 

Vi'[o]/{f[of)^vUo]- 

On the other hand, the integrability condition f{z)^^^ = implies 

/[-l]^-'/[0]^f[0]=0. 

Therefore, the mapping l is well-defined. The character identity implies that it is an inclusion. □ 

2.3. Contributions of extremal vectors. Let J" be a convex subset of a real vector space. A 
point in T is called extremal if and only if it is not a linear combination 9Pi + (1 — 0)P2 {0 < < 1) 
of two distinct points Pi,P2 S J*. A general principle in "counting" the number of integer points 
in convex polygons is to write it as the sum of contributions from the extremal points. In this 
subsection, we show how we can guess the bosonic formula (12. 4p by using this principle. 

Weyl's character formula is of this kind: the simplest case is 

(2.6) = V^ + 



1-z l-z 

The polygon in this example is the interval [0, /]. For the character, instead of counting the number 
of integer points, we count for each integer point n in [0,1]. The extremal points are and 
I. The contribution from an extremal point is counted as the sum of z"" over the integer points 
near that point in the limit / oo. For this is 1 + z + z'^ + ■ ■ ■ = 1/(1 — 2:), and for I this is 



z 



+ z^~'^ + • . . = ^'/(l — z^^). These are the two terms in the right hand side of (j2.6p . To obtain 
the left hand side of the formula, we write the second term as —z^~^^/{l — z). Because of rewriting 
+ z^~^ + . . . to — z'"*"^ — z'^^ — • • • , the obtained formula contains both positive and negative 
coefficient terms. The formula ()2.4p should be understood as an equality of non-negative power 
series in z. The n-th summand of the first sum (respectively, of the second sum) in the right hand 
side contains negative coefficient terms if and only if n is odd (respectively, even). This is the 
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difference between tlie bosonic formula (j2.4p and the fermionic one (j2.3p . In the latter, each term 
corresponds to an integer point, and therefore, the formula consists of positive coefficient terms 
only. 

There is an important point in counting contributions of extremal points. For the characters 
of the principal subspaces, we count monomials z'^q'^ using two linear functions (j2.2p . It means 
that we count not the integer points in the infinite dimensional polygon ^"Pf but rather the integer 
points with multiplicities in a polygon in M^, which is the image of by the mapping {m,d). 
Not all extremal points remain to be extremal when they are projected to M^. We guess that the 
contributions from such extremal points in "^7^ that are projected to a non-extremal point in the 
image cancel out. Thus we count only the contributions from the extremal points in the image. 

In the case of the Weyl-Kac character formula for integrable modules, the relevant extremal 
points in the weight space are given by the Weyl group orbit of the highest weight. In the case of 
the principal subspaces, we also take the extremal points in whose weights belong to the orbit 
of the highest weight. They are 

(2.7) W2n ■■ao = l,ai = k-l,... ,a2„_2 = l,a2n-i = k - l,aj = (j > 2n), 

(2.8) W2n+i ■■ ao = l,ai = k - I, . . . , a2n-i = k - l,a2n = I, aj = (j > 2n + 1), 
where n > 0. The monomials qd-i'^) at these points are given by 

^nk ,,n^k—nl 



^m{w) d{w) 



^nk+l qU^k+nl 



for W = W2n] 
i0TW = W2n+l- 

The contribution from an extremal point is defined to be the formal series obtained in the limit 

m{w) —d(w) ^ ,k I 



Lk—l^oo 



>xf{z) 



The contribution can be calculated in several different ways. Here we present two such calculations. 

A direct calculation using is possible for the present case of 5(2. In the limit the shape of 
in the vicinity of each extremal point w becomes a cone of the form + ^C. For the extremal point 



W = W2n = {l,k — l,l,k — I, . 

the cone *C is generated by the following vectors: 



,/,/c-/,0,0,0,...). 



( 0, 0, 0, 0, 



-1, 



1, 0, 0, 0,...), 



0, 0,-1, 

-1, 1,-1, 

0, 0, 0, 



1, 
1, 

0, 



0, 0, 0,-1, 

0,-1, 1,-1, 

0, 0, 0, 0, 

0, 0, 0, 0, 



1, 0, 0, 0, 
1, 0, 0, 0, 
-1, 0, 0, 0, 



1,-1, 0, 0, 0, 

1,-1, 0, 0, 0, 

0, 0, 1, 0, 0, 

0, 0, 0, 1, 0, 



■), 
•), 
■), 



■), 
•), 
•), 



-2n+1 -1 



J2n 
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where in the first hne —1 stands at the (2n — l)-th position. After each vector we wrote the 
corresponding monomial. Note that all these vectors are linearly independent and the integer 
points in the cone, C = *C H Z°°, are linear combinations of the generating vectors with non- 
negative integer coefficients. Therefore, the contribution of the extremal point W2n is the sum of 
products of powers of these monomials. Thus we get the summands in the first term in the right 
hand side of (j2.4p . The case of w = W2n+i is similar. 

The second calculation of the contribution uses the fermionic formula. In the fermionic formula, 
terms are labeled by (mi, . . . In this case, the term corresponding to each point is not a 

monomial but a formal power series. It is written explicitly in (j2.3p . It is known that there is 
a mappmg 

. rpk^ Z^o such that the sum of monomials over ($'^) ^{mi,m2, . . . , m^) R 7f is 
the series corresponding to (mi,m2, . . . iTri]^). The mapping is defined inductively as follows. Let 
a = {an)n>o S If ai + aj+i < k for all i we have a G y^Ip and we define $''(a) = ($''"^(a), 0). 
If + Cj+i = k for some i, define 5 G 



aj+2 (j > i)- 



Then, we define $*^(a) = $^(6) + (0, 0, • • • ,0,1). For example, consider the extremal points W2n+e S 
given by ([22]), 1^^. We have 

^''{W2n+e) = (0,0,...,0, e ,0,..., n ). 

The points of the cone are linear combinations of the generating vectors. For M G Z > 0, 
let W2n+t + C(M) be the subset of W2n+t + C such that the sum of the coefficients in front of the 
generating vectors is bounded by M. Set 

M"(iV) = {(mi,m2,m3, • • • ,mi^2,mi^i,mi,mi+i,m+2, ■ ■ ■ , 'm.fc-i, mfc) 

I ^ ruk-i = n, ^ mi+i = e}. 

0<i<N \i\<N 

For any M, if k — l — N,l — N, N are large enough, the points in W2n+e + Q{M) are mapped to M"(A'"). 
Thus, the contribution of the extremal point W2n+t is equal to the sum of series corresponding to 
the points in M^(A^) in the hmit k - I - N,l - N, N ^ oo. 

Let us check this statement by direct calculation. In the limit, the sum splits into the product 
of sums over the following three sets of indices. 

(i) Mo = {{mi, 1712, ...)\mj> 0}; 

(ii) Ml = |(. . . ,mi_i, 1711,1711+1, . . .) ^i^^nii+i = e|, (e = for W2n and e = 1 for ■W2n+i); 

(iii) M2 = |(. . . ,mfc_i,mfe) I]i>o"^fc-j = ?^}- 

Consider the exponent of q in (j2.3p . By using the equalities X^jg^m^+j = e or X^j>o"^fc-j = "-j one 
can rewrite it so that the sums over the three sets become independent. 
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The sum over (i) is 

^E^j=imi"ijinin(jj)+{2(X;igz"»i+i+E,>o'"fc-i)-l}E^ii"i3 / JJ(g)m' 
mGJVto i>l 
= ^ gE^j=imimjmm(jj)+{2(n+e)-l}E^i jmjy JJl^g-)^ 

1 



(g2(-+^)z)oo' 

The sum over (ii) with e = 1 is spht into two parts: 

(/-j)th (i+j)th 
Mi = {(...,0, 1 ,0... ,0) I i > 0} U{(0,... ,0, 1 ,o,...)M>i}- 



It is evaluated as follows. 



^2nl^l 2nl+2n+l^l+l 



+ 



7 Z 



For e = the sum is over one point and is equal to 1. 

The sum over (iii) is more complicated. We state the result. 

Lemma 2.5. Set 

9n,k{z) = 2^ oc / X 

(no,ni,...), Ej=o"j=" 

T/ien i(;e have the equality 
(2.9) 5n,fc(^) 



(g)n(<?-2"+lz-l)„- 

Proof. Splitting the sum in gn,kiz) into n + 1 subsums corresponding to ng = 0, 1, . . . , n, we obtain 

9n,k{z) = ^ —-—gn~i,k-i{q^'z). 

i=0 ^^^^ 

This recursion has a unique solution of the form gn,k{z) G 1 + 2;C[[z]]. One can check the recursion 
is satisfied by ()2.9|) . The check reduces to the equality 



i=0 {Q)i\Q)n-i 

□ 



Combining (i), (ii), (iii), we obtain the summands in (j2.4p . 
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3. Highest weight n-MODULES 

In this section, we introduce a family of modules which generalize the principal subspaces of 
integrable s Is-niodules. 

We fix the notation as follows. Let n = n(X'C[t, t^^] denote the current algebra over the nilpotent 
subalgebra n = Ce2i ® Ceai © Ce32 of SI3. The basis elements eab[n\ = Cab 'Si (1 < 6 < a < 3, 
n G Z) of n satisfy the relations 

[632 [m] , e2i [n]] = 631 [m + n], [e2i [m] , 631 [n]] = 0, [632 [m] , 631 [n]] = 0. 

We set 

eab{z) = ^ea6[n]2;~"~\ 

neZ 

With the degree assignment 

dege2i[n] = (1,0, -n), dege32[n] = (0,1, -n), 
n is a Z>Q x Z-graded Lie algebra. All n-modules considered in this paper are graded n-modules. 

3.1. Principal subspaces for SI3. For non-negative integers k,li,l2 satisfying h + I2 < k, let 
Mj'^ /2 level k integrable highest weight sla-module of highest weight {li,l2)- The highest 

weight vector vf^ is characterized up to scalar multiple by 

^N^fi,Z2=0 {xesk;n>0), 
eab[0]vf,^i, = {a<b), 

(6ll[0] - e22[0])t;f^,,, = hvl,^, (e22[0] - 633[0])<,,, = hv^i,, 
«2l[0]'^+^<,,,= 0, 632[0]^^+^<,,,=0. 

We call the C/(n)-submodule 

Vti, = U{n) . vl,^ C Ml,^ 
the principal subspace of Mf_^ . The following relations for v = vf^ take place in VJ^ : 



(3.1) e2i[n]i; = (n > 0), 

(3.2) e3i[n]v = (n > 0), 

(3.3) e32Ni; = (n > 0), 

(3.4) e2i[0f'^'v = 0, 

(3.5) e32[0f'+^v = 0, 

(3.6) 62i(z)'+^=0, e32(^)'+' = 0. 
We remark that also 

(3.7) 621 [0]°e3i [0]^i+'2-°+i^; = (0 < a < Zi + /2 + 1) 



holds, due to the following lemma. 

Lemma 3.1. Let w be a vector in an n-module such that e2j^^w = and e^32^w = for some 
non-negative integers li^h- Then e2ie^^w = holds for all a, /? > with a + /3 = + ^2 + 1- 
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Proof. Let W be the irreducible sts-module with highest weight (/i,/2)- It is simple to check that 
the lemma holds for the highest weight vector of W. On the other hand, W is isomorphic to the 
quotient of the free left f7(n)-module U{n) by the submodule generated by 621 [O]'!"*"^, e32[0]'2+i. 
Hence U{n) • u; is a quotient of W, and the assertion follows. □ 

Our goal is to find a formula for the character of V,'' , . 

3.2. Modules Uf^l^\^, ^hh'i-i' shall introduce a family of cyclic n-modules Uj'^'^l^]^, Vi^^i^h 
parametrized by non-negative integers ki, k2 and li,l2,h- The parameters ki, k2 play a role similar 
to that of the level of representations, while li,l2, h correspond to the highest weight. Throughout 
the paper we assume that 

ki < k2- 

Definition 3.2. We define V^'^'-J^^i,^ to be the n-module generated by a non-zero vector v under the 
following defining relations: 

(3.8) e2i[n]v = (n > 0), 

(3.9) e3i[n]t> = (n > 0), 

(3.10) e32N^^ = (n>0), 

(3.11) e2i[0]'i+it; = 0, 

(3.12) e2i[0]"e3i[0]'^+i-"^; = (0 < a < /3 + 1), 

(3.13) e32[0]'2+^t; = 0, 

(3.14) 621(^)^=^+^ = 0, e32(^)'=^+' = 0. 

Definition 3.3. We define f^/^^'j^^g to be the n-module generated by a non-zero vector v with the 
following defining relations: 

(3.15) e2iNv = (n>0), 

(3.16) e3i[n]v = (n > 1), 

(3.17) e32Nf = (n>0), 

(3.18) e3i[l]'3+^t; = 0, 

(3.19) e2i[0]"e3i[l]'^+^""?; = (0 < a < Zi + 1), 

(3.20) e32[0]^2+^t; = 0, 

(3.21) e2i(z)'=i+i = 0, 632(2)'^+' =0. 

Taking commutators of 632 [0] and ()3.14p or (j3.2ip , we obtain also the relations 

(3.22) e2i(z)"e3i(z)'=^-"+^ = (0 < a < A:i + 1). 
We use the following notation for the characters of these modules: 

^££3(^1' ^2) = ch,,,,,,g[/5'5^. 

Note that our characters are normalized in such a way that the degree of the cyclic vectors is 
(0,0,0). 
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Remark 3.4. From the definition it readily follows that V^^'f^ h+h ^ ^h^2 O' "^^^ principal subspace 
V/^ is its quotient. Indeed, comparing (j3.8p - (j3.13p with ()3.ip ~ (j3.6p and the remark after that, we 
see that there is a surjection of n-modules 

Later it will turn out to be an isomorphism (see Corollary 15. 4p . 

Some of the modules are the same which follows immediately from the definition. 
Lemma 3.5. We have 

<:& = (^i>^i)' 

<:53 = K:ik (^3>fci), 
= K:& (^i>^3), 
<:/53 = {h>h+i2). 

Proof. For example, (j3.1ip . (j3.13p and Lemma [3.11 imply that e2i[0]°e3i[0]^^+'2^"+^f = for all 
0<a</i + /2 + l- This proyes the last relation. Other cases can be yerified similarly using either 
the definition, (l3ia or iK22\\ . □ 

Lemma 3.6. We have 



Proof. By (j3.19p we haye 631 [l]'^"''^^ = 0. Taking the commutator of 621 [1] with 632 [0]'^+^ and 
using 621 [l]v = and (j3.20p . we obtain 631 [1]'^"''^^; = 0. This proyes the third relation. The other 
relations are proyed similarly. □ 

In view of Lemmas 13. 5113. 61 we may restrict our attention to the modules 
where the parameter regions are the following subsets of Z>o: 

(3.23) P^''''' = {ih,l2,h) \ 0<h<ki, 0<l2<k2, 0<h< min(/i,/2)}, 

(3.24) Pv'''^ = {{h,l2,h)\0<h<ki, 0<l2<k2, h<k<^Hh + l2,ki)}. 



3.3. Subquotient modules. In this subsection we study a recurrent structure for some subquo- 
tients of Ui^f^\^ , y/l^i^^i^ ■ Denote by Tm,n the automorphism of n giyen by 

Tm,ne2i [i\ = 621 [i - m], Tm,ne3i [i] = e3i[i - m - n], Tm,nem [i] = 632 [i - n]. 
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For an n-module M, we denote by M[m,n] the module with the same underlying vector space on 
which X E n acts as Tm,nX- For a cyclic n-module M with a cyclic vector v and / G U{n), we use 
the notation 

(/) = U{n) ■ fv. 

In what follows, we set uf^-^f^^i^ = 0, Vi^^i^h ~ ^ °^ negative. 

Lemma 3.7. We have an exact sequence ofn-modules 

, , [1, -1] ^ ^7ff ^ f/ff ' 1,^0. 

Proof. Consider the submodule (632 [0]'^) of U^^f '^^ . By the definition we have an exact sequence 



o-(e32[of^>-<:;53-c/5;\,3-o. 



We show that there is a surjection 

It suffices to verify the following relations for vi = e32[0]'^?j where v denotes the generator of t^/^^/'j^^g^ 

(3.25) e2i[n]vi = (n > 1), 

(3.26) e3i[n]z;i = (n > 0), 

(3.27) e32Nfi = (n>-l), 

(3.28) e2i[l]'«+^t;i = 0, 

(3.29) e2i[l]"e3i[0]'i+i-"7;i = 0, 

(3.30) e32[-l]'=^~'^+^wi = 0. 

Equation (j3.25p follows from e2i[n]v = 0, [632 [0], 621 [n]] = 631 [n], 631 [n]t; = and [631 [n], 632(0]] = 
with n > 1. Equation (j3.26p follows from (j3.16p for n > 2. For n = 1 it follows from 621 [l]i' = and 
IK20\\ by using [632 [0], 621 [1]] = 631 [1]. Equation (13:271) follows from (ISTTll and (Kl0\\ . Equation 
follows from e2i[l]i^ = and [632(0], 621 [1]] = e3i[l]. 

Let us prove ()3.29p . From (I3.19P we have 

62i[0]'i+i-°e3i[l]% = 0. 
From (|3.20p . using 621 [1]?^ = 0, we obtain 

e32[0]^^+'-"e3i[l]% = 0. 
A variant of Lemma l3. II and the last two equations above lead to 

e3i[0]^^-"e32[0]'^-"63i[l]% = 0. 

It follows that 

e2i[l]"e3i[0]'i+^-"632[0]'^7; = 63i[0]'i-"e3i[l]"e32[0]'^-"^; = 0. 
Finally, p.30p is a consequence of 632(^1)'^^^^ = 0. □ 
Lemma 3.8. We have an exact sequence 
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Proof. We consider the submodule (632 [0] of Vl^\]^'i^, so that 
is exact. We then show that there is a surjection 

by checking the defining relations. The rest of the proof is similar to that of Lemma 13.71 we omit 
the details. 

□ 

Lemma 3.9. We have exact sequences 

fo 01 ^ ■frki,k2 TTki,k2 TTki,k2 pv 

(3-32) Ut^f^,M~W [-1' 0] - - K-iM. - • 



Proof. We repeat the argument of Lemmas 13.71 and [ 

To show (|3.31|) . we take the submodule generated by e3i[l]'^u G ^h 'h\ ^"^^ check the exact 
sequence 



' h—hM— 13,11+12—213 
For the proof of (|3.32p . we take e2i[0]'iu G ^t^i'^t verify 



0-(e2i[0]'0-<V53-<^/.,3^0' 

□ 

From Lemmas I3.7H3.9[ we obtain the following upper estimate for the characters of all modules 
in the parameter regions p.23p . p.24p : 

(3.33) ip'^^f^^^i,^{zi,Z2) < i/ilf^_^^i,^{zi,Z2) + Z2^ipfl'^^_i^ i^{q-hi,qz2), 

(3.34) <t:iM^^2) < <j;ii,,3(zi, Z2) + z^Vf;i-.2,^.(^i' '?^2), 

(3-35) ^f^V£/3(^i' ^2) < ^5;:,3_i(^i, ^2) + {q-'z,Z2y-^4^%^__,^^,^_,^{z^,Z2), 

(3.36) il;f^\ll'^i,^{zi,Z2) < i'f'l%^^i^{zi,Z2) + z['^ll\i^^i^^i^_i^{qzi, Z2). 

In general, the equality does not hold, however, we will see that it does hold in a restricted range 
of the parameters. Define the following sets: 

(3.37) R^J'''' = {{h,l2,l3) I h<h + l2-h<k2}nPl}'^^\ 

(3.38) R'y''"' = {{h,l2, k)\0<h + l2-l3<k2- h} n P^'''\ 

(3.39) rII'"' = {{h,l2, k)\0<h + l2-l3< k2} n P^"''\ 
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Theorem 3.10. The following recurrence relations hold. 
Ifih,h,k)€^Ru''''\ then 

(3.40) ^'[lf^%izuz,) = ^';^f^^^^^^^ 

If ihMM) Rv''''\ then 

(3-41) ^l.'^±,^{z,,z,)=i.'^l^^^_^^^^^^ 

If {h, h) £ R^'^^ and either h + h — h ^2 or = 0, then 

(3-42) v^5J^Jzi,Z2) = <VA3_i(.i,.2) 

If {hMM) Rv''''\ then 

(3.43) Vf,'J}3(2l, ^2) = V'f,':t;2,min(/3,/i+/2-l)(^l' ^2) + 4VfciLt,i,+i,,;3_i,(g2l, ^2). 

The proof of Theorem 13.101 will be completed in Section [5j 

We remark that, in (j3.42p . the condition li + l2 — h 7^ ^2 is imposed so that the parameters of the 
first term in the right hand side stay within the region R^^'^\ In aU other cases, the parameters 



appearing in the right hand side belong to the proper region {RiJ' ^ for '■Pil'i^i^ and Ry' ^ for 

fcl,fc2 N 



ipf^f^i ). In what follows we refer to (j3.40p - (j3.43p as short exact sequence (SES) recursion. 



4. Vertex operators 
In this section we construct another family of n- modules 

{^^Votth I (^l'^2,/3) G {(^-0)5^3 I (/l,^2,/3) G 4"'n, 

as subspaces of tensor products of certain Fock modules. These modules have the following prop- 
erties. 

(i) {Uvotlf^\ ^ quotient of C/f^;;53' ^^^ofi'J^\ is a quotient of Vl'^'j^j^. 
in) The characters 



satisfy the following inequalities. 

ki. 
u 

If {lul2,h) Rv'^\ then 

(4.2) ii^V0)l,';i';%izi,Z2) > (V'yo)i;',f_i,^i,(;3,;^+;,_i)(2l,^2) + ((pyo)££-/2,«i (^1 ' ^^s)- 



If {hj2,h) G Ru'^\ then 
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If ih,h,k) e -R^''''' and h + I2 - I3 ^ or h = 0, then 

(4.3) {y^vo)tt:i-M^^^) ^ {^vot;tl-M,^2) 

If (/i,Z2,/3) e^y'''',then 

(4.4) {^^vottM^^^) > i^Vo)t\\Mn(lsM^l.-iM^^^) 

These inequahties differ from (j3.40p - (j3.43p by the change of the sign = to the sign >. 

Let us recall some constructions from the theory of lattice vertex operator algebras (see jP] , 
|K2] ). Let f) be a two-dimensional complex vector space with a basis a,b and an inner product 
defined by the sis Cartan matrix: 

[a, a) = 2, (6,6) = 2, (a, 6) = -1. 

Let 

l} = l)0C[t,t~^](BCl 
be the corresponding Heisenberg Lie algebra with the bracket 

[a[i],P[j]] =i4„j(a,/3) {a,l3e [)), 

where a[i] = a <^ t^. For a G f) define the Fock representation 3'a generated by a vector \a) such 
that 

P[n]\a) = 0, n > 0, P[0]\a) = {p,a)\a). 
Set L = Z(2a + 6)/3 © Z(a + 26)/3. For a G L we consider the corresponding vertex operators 
acting on the direct sum of Fock spaces ^^eL -^a- 

a\n\ 



T^{z) = exp(- ^ ^z-«) exp(- J] 

n<0 n>0 

where z"''^! acts on by z^°''^^ and the operator Sa is defined by 



= |a + /3), [Sa,P[n]]=0 (n / 0, a, /? G f)). 
The Fourier decomposition is given by 

r,(z) = J^r,[n]z-"-("'")/2. 

In particular, 

r„[-(a,a)/2-(a,/3)]|/3) = \a + (3). 

We need three vertex operators corresponding to the vectors a, b and c = a + 6. We fix the 
notation 

a{z) = Ta{z), h{z) = Tb{z), c{z) = Tc{z), 
a[n] = Ta[n\, b[n] = Tb[n], c[n] = Tc[n\. 



18 B. FEIGIN, E. FEIGIN, M. JIMBO, T. MIWA AND E. MUKHIN 

The Prenkel-Kac construction for level 1 modules (see |FKj ) defines the action of n on (Ba^L^'a via 
the homomorphism 

e2i[n]^a[n], e32[n]^b[n], e3i[n]^c[n]. 

Let 

'^m,n be a vacuum vector of the Fock module 9"_^2m+ii-fi)a— (2ii±22.-(-i)fe- 
Lemma 4.1. We have 

e2i[i]vm,n = {i>m), 
e32[i\vm,n = {i> n), 
e3i[i\vm,n = {i > m + n + 1), 

e2l[m]Vm,n = Vm-2,n+l, 

e32[n]Vm,n = Vm+l,n-2, 

e3i[m + n+ l]Vm,n = Vm-l,n-l- 

We denote by Wm,n ^ (Ba^L^'a the cyclic n- module with the cyclic vector Vm,n- The shift 
automorphism Tm,n induces an isomorphism between VFo,o["i,n] and Wm,n- 

We also need one-parameter analogues of the modules Wm,n- Fix a one-dimensional space with 
a basis vector b and an inner product defined by {b,b) = 2. The vertex operator b{z) = Ti{z) 
acts in the direct sum of Fock modules over the Heisenberg algebra Cb CB C[t, t^^] © C • 1. We set 
Wn = C[{6[z]}jgz] • Vn where Vn = \ — {n + 1)6/2), and make it an n-module by letting 632 [i] act by 
b[i] and 621 [i], 631 [i] by 0. Then we have 

632 W^n = {i> n), e32[n]Vn = Vn-2- 

Now we define the VO (vertex operator) versions of the spaces U^^'^^,^ and ^i^^i^'].^! utilizing the 
modules 

Wofl, Wo,-u VF_i,o, Wo, W.i 

as building blocks. 

Definition 4.2. Let {hMM) £ R^'^^ ■ 
If (/i,/2,/3) Gi?^''''',then we define 

to be the cyclic n-module with the cyclic vector 

w,{h,i2,i3) = C ® <^r'') v^['^~^^^ ^ ^m.-h-i.+h)_ 

If li + I2 — H < ki, then we define 
to be the cyclic n-module with the cyclic vector 

W2[Ll,i2,L3) — Vq q ^V(j_^ (!^V_^^Q f _i 

Lemma 4.3. Let {h,h,h) £ bI^'^^ . Then there exists a surjective homomorphism ofn-modules 

TTki,k2 ^ (jj \ki,k2 



PRINCIPAL SUBSPACES AND QUANTUM TODA HAMILTONIAN 19 

Proof. It is sufficient to check that the defining relations of Uj'^^l'^'^i^ are satisfied in {Uvo)'i^\'l\- 
That follows from Lemma |4.1[ □ 

Definition 4.4. If {h^h^h) G then we define 

to be the cyclic n-module with the cyclic vector 

Lemma 4.5. Lei {h,l2,h) £ Ry'^^ ■ Then there exists a surjective homomorphism ofn-modules 

Proof. The lemma follows from Lemma |4.1[ □ 

Theorem 4.6. There exist the following complexes ofn-modules which are exact in the first and 
third terms. 

For {li,l2,h) G R'H^'^^ , we have 

(4.5) {VvotJU.A [1' ^ iUvotiX - (^vo)f;;f_,,_(,3,,_,) - 0, 

such that Li{Ti^^i{w3{k,k2 - hjh))) = e32[0]wi(/i, ^2, ^3)- 
For {hjhjh) G Ry'^^ , we have 

(4.6) ^ {Uyo)^:;t,^,^o, -1] ^ (H'o)fil - (^vo)f;f_i,^,„(,3,,+,,_,) - 0, 

such that i2{TQ-i{wi{h,k2-l2,h))) = e^^w^.ih^h.ly^- 
For {li,l2, h) G r'^'^^ with li + I2 - Is k2 or I3 = 0, 

(4.7) ^ iVvo)^^ili^_i.^^^i^(^k,-i3,h+i2-2h) (^yo)th% ^ (^yo)'[^;il%_i ^ o, 

such that i3(w3(/i — /3,/2 — ^3,^1 — ^3)) = e3\[l]?i;i(/i, /2, ^3) in the case of {li,l2,h) G R^'^^ and 

4\[ 



i3(w3(^i - k,l2 - kJi + I2 - '^k)) = e3\[l]w2(^i,^2,^3) otherwise. 



For {hMM)^Ry''^\ 

(4.8) - (f/yo)^:Lt,,+,,,3_,J-l,0] ^ (H^o)K/3 - (^v^o)K,„^,.(,3,,^,,.i) - 0, 

sitc/i i/iai ii{T^ifl{wi{ki - hJi + ^2,^3 - ^1))) = 621 [0]'^ W3(/i, /2, ^3)- 

In these formulas, if one of the indices is negative, then the corresponding term is understood as 
zero. 

Corollary 4.7. Inequalities (jiTT]) . (|ir2|) . (jOj) and (03]) are satisfied. 

The rest of the section is devoted to the proof of Theorem 14.61 We start with the proof of the 
existence of the embeddings. 

Proposition 4.8. Let {li,l2,h) ^ R^'^^ . Then we have embeddings ofn-modules 

(l/yojz,_i3,/2_i3,fc,_/3 — > \^vo)i^^i^^i^, 
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such that Li{Ti^^i{w3{k,k2 - h^h))) = e%[Q]wi{li,l2,h) and isimih - h,h - k,ki - h)) 
ei\[l]wiih,l2,k). 

Let (li, l2,h) £ B^'^^ and h + I2 — h < ki. Then we have an embedding ofn-modules 

/jr \fci,fc2 ^3 /jj \k\,k2 

[Vvo)i,_i^^i,_i,,^i,+i,^2h y^yo)i^,h,h^ 

such that iz{w-i{li - h.h - kJi + h- 2^3)) = e3i[l]^2(Zi, ^2,^3)- 
W 



Let {h,l2,h) £ Ry'''^. Then we have embeddings ofn-modules 



{Uvo)11'Xm+i^^i,^i,[-1,0] ^ i^vo)tltX, 

such that i2(ro _i(?i;i(/3, k2-l2,h))) = e3y0]w3(/i, ^2, ^3) and ii{T^ifl{wi{ki- li,li + l2,l3 - h))) = 
e2i[0y'w3{li,l2,k)- 

Proof. We prove the first embedding. Tlie proof of the other embeddings is similar. By Lemma [4. II 
we have 

The vector in the second line coincides with the cyclic vector of (Vvo) 1^^^2-12,1 

,[1,-1]- □ 

We prepare some facts about the isomorphisms between the modules t^jj^/j^ig and {Uyo)^^'i^^i,^- 
Proposition 4.9. Let I3 = min(Zi,Z2)- Then we have the isomorphism 

TikiM (TT \ki,k2 

and the corresponding character is given by the fermionic formula 

(4.9) ^f,ft3(.i, .2) = {4>voti\{^r,Z2) = E ' (,) ..:(,) ' 

where 

k\ k2 ki k2 

Q(m,n) = mm{i, j)mimj + mm{i, j)ninj — min(i, j)mjnj. 

i,j=i «ii=i i=i i=i 



Proof. Because of the existence of the surjection of n-modules 

Tki,k2 (TT \ki,k2 



(4.10) - {Uvot''^ 



it is sufficient to prove (j4.9p . 

For the 
reduce to 



For the rest of the proof, we assume ^3 = min(/i, 12). In this case the defining relations of 



e2i(^)'^+' = 0, e32(^)'^^+' = 0, e2i[0]'^+^^; = 0, 632 [0]'^+^^; = 0, 
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where f is a cyclic vector of f^/^^/j^^g- Denote the fermionic formula in the right hand side of (j4.9p 

by -F^^^/^^(zi, 22)- By using the Gordon filtration technique and repeating the proof in |AKSj in the 
case ki < k2, we obtain an upper estimate 

From surjection (|4.10p we know that 

'^f,£3(^i'^2) > {^vo)'i^;i';X{zi,z2)- 

To finish the proof it remains to show the inequality 
(4.11) {^vott:iM,Z2)>Ft;f^^{zuZ2). 
The space {Uvo)^^\'l^ig is generated by the modes of 

fcl fc2 

e2i{z) = ai{z) and 632(2) = ^ 6j (2) 
i=i j=i 

from the vector wi(/i,/2,^3) or W2{li,l2,l3) (see Definition 14. 2p . The vertex operators ai{z), bj{z) 
correspond to the vectors aj, 1 < i < ki, and bj, 1 < j < k2, respectively, with the scalar products 
given by 

For a non-zero complex number e, set 

fci k2 

4iiz) = J^e*ai(2), e|2(z) = J^e-'6j(z). 
i=i j=i 

The currents aj(z) are mutually commutative and ai{z)'^ = 0. The same holds for the currents 
bj{z). Hence we have 

lim e-^(^+i)/2(g|^(^))i ^ _ ^ ^ lime-*(^+i)/2(g|^(^))i ^ ^^^^^ _ _ ^.(^^^ 

e— >0 E— >0 

Consider the subspace generated from the vector 11)1(11, l2,h) or W2{li-,l2-,h) by the modes of the 
operators 

aLi{z) = ai{z) . . . ai{z) (1 < i < fci), hj{z) = bi{z) . . .bj{z) {l<j<k2), 
and let {lpYQ)'jl^f^^i^{zi, Z2) be its character. Clearly, we have 

{^V0)'l^;t2'lM,Z2) > {^yofilf^\{zi,Z2). 

The operator aii{z) is a vertex operator corresponding to the vector = ai + • • • + Oj, and bj(z) 
is a vertex operator corresponding to the vector hj = bi + ■ ■ ■ + bj. The scalar products of these 
vectors are given by 

(aii,ai2) = 2min(ii,i2), {hj^^hj^) = 2min(ji,j2), (ai,bj) = -min(i, j). 

Using the standard technique (see for example [FJMMT] ). we obtain 

Inequality ()4.1ip follows. 
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The proposition is proved. □ 
Corollary 4.10. We have the isomorphisms 

Wo ^ f/o,i,0' ^-1 ^ Co> 

Next, we prove the surjections in Theorem l4.6l and show that all sequences are in fact complexes. 

fei, 
u 



Proposition 4.11. Let {li,l2, h) ^ b!^'^'^ and I2 > 0. Then there exists a surjective homomorphism 
ofn-modules 

such that, if li + I2 — 1 — min(/3, 12 — I) > ki then 

wi{h,h:h) ^ wiihj2 - l,min(/3,/2 - 1)), 
and if h + I2 — ^ — miii(/3, 12 — I) = ki — 1 then 

wi{h,h,h) ^ W2{li,l2 - l,min(/3,Z2 - !))• 

Proof. We consider the case I2 > I3 and h + h — ^ — h < ki. The other cases are similar. Replacing 
a factor v^i^ in 'Wi{li, I2, 13) by the factor we obtain ^2(^11 h — 1, ^3)- We have an obvious 

surjective homomorphism ofn-modules (see Lemma l4.10p 

Therefore, we obtain a surjective homomorphism 

In addition, the vector e32[^]^'^wi{h7h:h) maps to zero, because 

e32[0]'^w;2(/i,/2-l,/3) =0. 
The proposition is proved. □ 
Corollary 4.12. Sequence |^.5| j is exact in the first and third terms. 

Proposition 4.13. Suppose {li,l2,h) £ R^'''^ , h + h — h < ^2 o,i^d I3 > 0. Then we have a 
surjective homomorphism ofn-modules 

(4.12) iUvottyi^^^i^f') - (Uvottl-v 

wiih, I2, k) ^ wi{h,l2, k - !)• 

Proof. Replacing a factor vofi^V-i in wi{li, I2, h) by the factor vq-i^vq, we obtain I2, ^3 — !)• 

By Definition 021 

U{n) ■ {vo,oCSv^i) = (f7yo)};i,i, U{n) ■ {vq-i vq) = {Uvo)ixo- 
Therefore to construct (I4.12|) it is sufficient to construct a homomorphism 

{Uvo)il^i {Uvo)il^o, vofi v-i ^ vo-i vo. 
Using Proposition 14.91 we have 

iUvo)ili - Ul'i -^ ^ C/if ^ iUvo)ilo- 
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The proposition follows from 

□ 

Proposition 4.14. Suppose {h,l2,h) £ R^'^^ , h + h — h < c-n-d h > 0. Then we have a 
surjection of n-modules 

(C/vo)f:,fi3/(e3i[l]'^)-(^yo)f:,ft3_p 
W2{h,h, k) ^ W2{h,l2, k - !)• 

Proof. Replacing a factor t>o,o ® "^-1,-1 in W2{li,l2-,h) by the factor uo,-i ® ^^-i,0) we obtain 
W2{h,h,l3 — !)• We have 



U{n) ■ vo,o v^i-i = {Uvo)i]i^i, U{n) ■ -i O -u-i.o = (f^vo)i;i,o- 
im (t/yo)?;i,i ^ (t^vo)?;i,0' which 

2,2 7'7-2,2 Tr2,2 ( T T A^i^ 



We have a surjective homomorphism {Uvo)i \ i ^ (t^yo)i'io' which is the composition 



iUvo)ixi - ^1,1,1 ^ ^1,1,0 ^ {Uvo){xo- 
Therefore we obtain a surjection 

The proposition follows from 

e3i[l]'='w;(/i,/2,/3-l) = 0. 



□ 



Corollary 4.15. Sequence 7[ j is exact in the first and third terms. 

Proposition 4.16. Let {li,l2, h) ^ Ry'^^ and I2 > 0. Then there exists a surjective homomorphism 
of n-modules 

wsih^hJa) ^ mih^h - l,min(/3,/i + I2 ~ 1)). 
Proof. The proof is similar to the proof of Proposition 14.111 □ 
Corollary 4.17. Sequence is exact in the first and third terms. 

Proposition 4.18. Let {li,l2, h) G Ry'^^ and li > 0. Then there exists a surjective homomorphism 
of n-modules 

iyvo)l';il%/{e2i[0f') (H'o)f^'l\'i2,^i„(,3,,^+,2-i)' 
wsih J2,h) ^ mih - l,/2,min(/3,/i + h - 1)). 

Proof. The proof is done similarly to the proof of other cases with the help of the surjective 
homomorphism 

(4.13) iUvo)i^ifl {Uvo)o^ifl, vo-i ^VQh^ w_i,o v-i, 

which we construct below. 



24 B. FEIGIN, E. FEIGIN, M. JIMBO, T. MIWA AND E. MUKHIN 

First, we show that 
(4.14) iUvo)lio ^ Ul;l,. 

By ()3.33p . we have the inequahty 

By the definition we have an isomorphism 

•"^O,!,! — ^0,1,0' 

Therefore 

V'i;lo(^l'^2) < fl'l^Q{zi,Z2) + Z2(pl'J^Q{q'^Zi,qZ2). 

By Proposition 14.111 and (VVo)oi i — (^vo)o'io W^-i,o ^ W-i, we have the inequahty 

{'PVo)lxoi^l,Z2) > {fV0)lfifii^l,Z2) + Z2{fVo)oJfi{q'^Zi,qZ2). 

By Proposition 14. 9t we obtain the following diagram: 

fli^Q{zi,Z2) < Z2ipl'^^^Q{q~'^zi,qz2) + o(zi, za) 

VI II II 

(V'Vo)y,o(^l'^2) > ^2 (V'Vo)o;i,o(^~^^l'9^2) + {fVo)ifi^o{zi,Z2) 

From here we obtain isomorphism (j4.14p . 

Map ()4.13p is a composition of the following mappings: 

iUvo)lio - Ul'lo ^ Uq^Iq ^ {Uvo)qIq- 

□ 

Corollary 4.19. Sequence |-^.<g| j is exact in the first and third terms. 
Theorem 14.61 is proved. 

5. Uniqueness of the solution to the SES-recursion 
5.1. The main case of the recursion. Recall the definition of the regions of the parameters 

Let <^f^ijJ}^(zi,Z2) ((/i,/2,/3) G Ru'''') and ^^^^^^(zi, za) ((/i,/2,^3) G Ry'''') be formal power 
series in variables zi,Z2 whose coefficients are Laurent power series in q. 

We use the following convention. A series with a negative index is understood to be zero. If 
k > m.m{l2,k), then ^\lf^\{zi, Z2) := <^fi'i2'min(/i,/2)(^i' ^2)- If ^3 > + then ij^ilf^\{zi, Z2) := 

V'fi'l5i+/2(^l'^2). 

Assume that the following inequalities hold: 
If (/i,/2,Z3) G Ru'^\ then 

(5.1) ^'lti,{z^,Z2) < (^5;ii,,3(zi,Z2) +4^V^f3^_^,,,('Z-^^i,9^2). 

If (/i,/2,/3) G^y'''',then 

(5-2) {zi ,Z2)< V'fi'ti./a {zi ,Z2)+ 4' Viltl-hM (^1 ' 9^2) . 
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If (/i, Z2, ^3) £ R^}'^^ and either I1 + I2 — h ^2 or ^3 = 0, then 

(5-3) < <;53_i(^l,^2) + {q''^lZ2)HttlM-l-S'^^'^)- 

If ihMM) G Rv'^\ then 

(5-4) <S3(^i'^2) < V;K,,,3(.i,.2) + .^^^lLt,,+,,,3_Jg.i,.2). 

We call formal power series of the forms 

p{zi,Z2)<:pllf^^l^{zi,Z2) ((/l,/2,/3) e i?^''*""), p{zi,Z2)i>'llf^%{zi,Z2) {{h,l2,h) ^ Ry 

higher degree series if p(zi,Z2) is a polynomial in zi,Z2 whose coefficients are Laurent polynomials 
in q and if p{0, 0) = 0. 

Let F{zi, Z2) and G{zi, Z2) be formal power series in variables zi, Z2- We write F{zi, Z2)<>t:G{zi, Z2) 
if there exist higher degree series Hi{zi, Z2), ■ ■ ■ , Hs{zi, Z2) such that 

F{zi,Z2) < G{zi,Z2) + Zt=l Hi{zi,Z2). 

Lemma 5.1. Under the assumptions above, let F{zi, Z2) he either (p^^f^i^^{zi,Z2), for some {li,l2,lz) G 
r!^'^^ , or •}p^^f^j^^{zi,Z2), for some {h,l2,h) £ Ry'^^ . Then there exist mi,m2 G Z>i such that 
F{zi,Z2)<,4}^{q'^'zi,q^^Z2). 

Proof. First, consider the case F{zi, Z2) = V^q g o^(-Zi, ^2)- We use the given inequalities as follows: 

4^o'6fii''-^^''2)<*^o%'"^l{zi,qz2 
Here we used (15. 2p then (15.3P then (15. 4p . Then we use inequality (15. ip k2 times to obtain: 

Finally, using (15. 3p followed by the ki applications of ()5.4|) . we obtain: 

'^S AO (9^1 ' 9^2 ) < * V't' ,o,fci ^1 > 9^2 ) < * V'0,0' 0' (92:1 , gZ2 ) • 

Combining, we obtain: ^qao^ (^1 ' ^2 ) < * ^0,0,0^ (^^i ; 9^2 ) • 

Next, consider the case ^(^1,2:2) = 'f^^f^^i^{zi,Z2), {h,h-,h) G R^'^^ . 



We start using inequality (|5.ip followed by (j5.3p . We repeat this step Z3 times. Then we apply 
(j5.3p one more time. We get 

^^wSs^^l' ^2)<*<^f,';f_i3,o(^l, ^2)<*^^^^^^^^ (^1, ^2). 

Then we use the li applications of (15. 4p and after that the /2 — ^3 applications of (15. 2p . We obtain 
Combining, we obtain 

^h&a (^1 ' ^2 ) < * ^0,0,0' (^1 ' ^2 ) < * V-OAo' (9^1 > 922 ) • 



Next, we consider the case F{zi,Z2) = <.pi^\^i^{zi, Z2), {hJ2,h) S RJ' ^ and (/i,/2i^3) -^i 
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Let / = min(Z3, ki — li — I2 + h)- We use / applications of ()5.3p and obtain 

We have either (/i, l2,h — ^ R^'^^ , oi I3 — I = 0. In the first case we are reduced to the situation 
treated above. In the second case, we use (|5.3p to obtain 

which again is the situation discussed above. 

Last, consider the case F{zi,Z2) = ■ipf^\'^^i^{zi, Z2), (^1,^2,^3) G Ry''^^. We use (|5.2p I2 + 1 times 
and obtain: 

K\t% (^1 ' ^2 ) < * ^f;,ol (^1 ' ^2 ) <*^\l}li, {zi ,qz2)- 

Therefore we are again reduced to the previous cases and the lemma is proved. □ 

Corollary 5.2. Let (p^f^^i,^, {li,l2,h) G R^'^'^ , and ipf^f^^^,^, {h, 12,13) S Ry'^\ be formal power 
series in variables zi,Z2, such that inequalities i5.1]) - (5^\ ) are satisfied. 

Assume that all coefficients of the power series are Laurent power series in q with non-negative 
integer coefficients. Assume also that the formal power series ^000^ constant term. 

Then all these formal power series are identically zero. 

Proof. Suppose the contrary, and let ni,n2 be non-negative integers such that one of the series has 
a non-trivial coefficient of z'^'^z!^^ and all coefficients of z"^Z2^ of all power series are zero if either 
ai < ni or 02 < n2. By the assumption and Lemma l5. 11 we have ni + 77-2 > 0. 

Let ns be the smallest possible integer such that the coefficient of z^^z^'^q^^ is non-zero in one 
of the series F{zi,Z2). By our assumption, this coefficient is positive. 

By Lemma [5?T1 we have F{zi, Z2) < ^^=1 Hi{zi, -^2) + ^0 oo^(-^i9™^' ^2Q"^^), where Hi are higher 
degree series and mi , m2 > 1 • Clearly, the coefficient of z^^ ^ q'"'^ is zero on the right hand side of 
this inequality and positive on the left hand side, which is a contradiction. □ 

5.2. All inequalities are equalities. Recall that we have a set of n-modules {Uyo)'i^'i^^i^, ^hh^ 
for {h,l2,k) G Ru''"' and {Vyo) 

h'hth'' ^1,4,^3 (^15^21^3) S Ry' , whose characters we denote 
by {vvo)'^^;!l%{zi,Z2), ipllf^^i^{zi,Z2) and {'ipvotlf^^i.^izi, Z2), ip^ilf^\{zi, Z2), respectively 
Theorem 5.3. Il^e have 

{^Voti\{^l,Z2) = ^ttlM^'^) {{h,l2,h)GR'j'''), 

{^V0ti\{^l,Z2) = <,i53(^l'^2) ((/i,/2,/3)g4"'')' 

and therefore surjections in Lemmas \4.3\ and \4.5\ are isomorphisms of n-modules. 
Moreover, Theorem \3.10\ holds. 

Proof. The theorem immediately follows from Corollary 15.21 applied to the series 

^hAM^""^^ = <^h;63(^i'^2) - {fvo)'i^;!;'iM,z2), 

k\,k2 ( \ iki,k2 ( \ /' I \ki,k2 



□ 
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Corollary 5.4. The principal subspace V/^i^ C M^'^ is isomorphic to VJ^';^ h+h' 
Proof. As we noted in Remark 13.41 there is a surjective homomorphism of n-modules 

On the other hand, taking tensor products of the Frenkel-Kac construction we obtain a surjection 

Hence the assertion follows from Theorem 15.31 □ 

5.3. Other cases. In this section we describe two more versions of Corollary 15.21 which we use 
later to establish the bosonic formulas for our characters. 
Set 

(5.5) Ru""' = {{h,l2,h) I A;i-l<Zi + /2-^3<MnP^^''^ 

Proposition 5.5. Let ^^^f^^^iz^, Z2) ({hMM) G and ^^^''^^^(zi, Z2) ({hMM) G Ry'"'' ) he 

formal power series in variables zi,Z2 such that equations li3.40\ )- [3.43\ ) are satisfied (where {3.4-2^ 
is assumed for {li,l2, h) S R^'^^ and either h + I2 — h ^2 or = 0). 

Assume that all coefficients of the power series are Laurent power series in q. Assume also that 
the formal power series ■iIjq^q^q{zi, Z2) has no constant term. 

Then all these formal power series are identically zero. 

Proof. The proof of the proposition is similar to the proof of Corollary 15.21 □ 

Consider the case ki = k2 = k. Then if {li,l2,h) £ Ru^, then I3 = h + h — k. And if 
{h,h,h) e Ry^, then /g = + /g. 

Let !ffl'^i^^i^{zi,Z2) {{h,l2,k) e R^'') and V^f^'^^^ ^^(zi, 2:2) {{h,h,h) G Ry^) be formal power series 
in variables zi , Z2 such that the equations 

jk.k ( \ jk,k ( \ I l\ -k,k 1 \ 

and 

^\'^^l^^l^^l^-kizx,Z2) = <^f;,Vl,h+«2-fe-l(^l'^2) 

+4'V'fi2_fc,fc_/2,/,(9~^2l,922) 

+ (,-lziZ2)'^+'-'^^t\,,_,,_l,2.-.,-..-l(-l>^2) 

are satisfied. 

Note that the last equation is obtained from equations (j3.40p and ()3.42p via eliminating the term 

<^f;52,z,+,2_fc_i(^i,^2)- 

Proposition 5.6. Assume that all coefficients of all power series h^^'^^ •^2) ({h, h, h) £ ) 
and V'f^'^j /3('^i'-^2) (ihih^h) £ Ry'') are Laurent power series in q. Assume also that the formal 
power series V^q'q q(zi, 2:2) has no constant term. 

Then all these formal power series are identically zero. 
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Proof. The proof of the proposition is similar to the proof of Corollary 15.21 



□ 



6. BOSONIC FORMULAS FOR THE CHARACTERS OF n-MODULES 



In this section we write explicit solutions of recursion relations (I3.40p - ()3.43p in the regions 
id Ry'^^ in the bosonic form. First, v 
principal 5(3 subspaces (see |FJLMMT| ). 



and Ry'^^ in the bosonic form. First, we prepare notation and recall basic facts about the small 



6.1. The small principal subspaces. Let a denote the abelian Lie algebra spanned by 621 [n], 
631 [n], n S Z. For non-negative integers k, li, I2 satisfying h + I2 < k, define to be the cyclic 

o-module with a cyclic vector v and the defining relations 

e2i[n]v = e3i[n]v = (n > 0), 

e2i[0]"e3i[0]^t; = {a + P = h + I2 + I), 
e2iizTe32{zf = {a + p = k + l). 

The space Xj'^ has a monomial basis of the form 

...e3i[-l]'^^e2i[-l]"^e3i[0]'^ie2i[0]''«z;, 

where {ai}j>o run over sequences of non-negative integers such that Oj = for almost all i and that 
satisfy the conditions 

oo < ^1, ao + ai < h + I2, 
ai + Oj+i + ai+2 < k. 

Let xf^ /2(-^i' -^2) denote the character of Xf^ (normalized in such a way that the degree of the 
cyclic vector v is (0,0,0)). The description of the monomial basis of Xf^ leads to the following 
recursion relations 

(6-1) Xh,i2izi,Z2) = X/;-i,/2(^i,^2) + z^X/;,fc-/l-^2(^l,g^2)• 

We now write a formula for xf-^ /2(-2i,-Z2)- Let the quantities p{m,n, s, zi, Z2) {m,n G Z>o, < 
s < 5) be given by 

pf;_,2(m,n,0,zi,Z2) =2i"'4", 

k / 1 \ km-\-L kn 

Ph,l2i^,n,l,Zi,Z2) =Z^ > 

('m -n 9 — km+h+h kn+h 

T)'= (m n 7. r^^l — km+h+h kn+h+h 
PiiJaV"^) "-5 -J) ^1) ^2j — ^1 Z2 , 

k / r \ km kn-\-lo 

Ph,l2i^^n,5,Zl,Z2) = z-^ z^ \ 
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Let the quantities a{m, n, s) (m, n G Z>o, < s < 5) be given by 

af_^ i,^{m,n,0) = kQ2{m,n) — mh - nh, 
a'[_^^i^{m,n, 1) = kQ2{m,n) + {m - n)li - n^2, 
af_^ i^{m,n, 2) = kQ2{m,n) + (m - n)/i + ml2, 
af_^i^{m,n,3) = kQ2{m,n) + nli + ml2, 
af_^^i^{m,n,4:) = kQ2{m,n) + nli + (-m + n)/2, 
a!i^ i^{m,n,b) = kQ2{m,n) - mli + (-m + 71)^2, 

where Q2{'ni, n) = + — mn. 

Let the quantities d{ra, n, s, z\, Z2) {m,, n G Z>o, < s < 5) be given by 



(i(m,n, 0,2:1,^2) 
d{m,n, l,zi,Z2) 
d{'m,n,2,zi,Z2) 
d{m,n, 3, zi,Z2) 
d(m,n, 4, zi,2;2) 
d(m,n,5,Zi,Z2) 



X 

(9 

X 

(9 

X 

(5 

X 

(9 

X 

iQ 

X 



-1 -2m+n+l\ 



Jm—n 

"^+")oo(^r'^2"'9""'""+')n(^2g'"-™)m-n(^2"'9"'"+™+'; 



^12^29 

ZiZ2q"'+'')oo{z^'z^'q-'^-^+X{z2q^^-"'U-n{z^'q- 



— 1 — 2n+m+lN 



2m— n+l\ / — 1 — 2m+n 
,m+n+l\ / 1 ^— 1 „— m— n\ „2n—m 



n(,q)m—n{ziq )oo(^i y Jm—n 



( „ „^n~-m\ 1 _-2ra+m+l> 



ZiZ2g )oo(2l Z2 

mO-'n-H \ / _1 _1 

ziZ2q 

2:12:2?' 

2l229'"+")oo(^r'22-^g-"*-'^+^)„(z25'"-'"+')m-n(^2~'9-'"+'")n+l. 



joo(,2;i ^2 g j„+i(^Z29 )m-n\Z2 Q )n+l, 



jool^;]^ g )n+l{Z2q )m-n\Z2 9 jn+l; 



For all integers k,li,l2, we define 
(6.2) 



{xb)i,,i,+i^{zi,Z2) = J2 



Pi 



\^i^{m, n, s, zi, 2:2 ■'2 



m>n>0,s=0,...,5 



d{m,n,s,zi,Z2) 



Remark 6.1. Wc deal with expressions of the form (x_B)f^ ^^^^^((/"zi, ^^^2), (X-B)f-^ ii+i2 (^"'^I'^^j Q''^^2^^) 
etc. All these expressions are sums where each term is a ratio of a monomial in 2:1,2:2 and of a 
product of factors of the form (1 — zlz^q''), where either z > 0, j > or i < 0, j < 0. In the first 
case we expand 

1 - zlziql^: 

and in the second case 

1 



1 — z\z2q'^ 



{-zrz^^q-^)Y^{z\ziq'^)-'^. 



ot=Q 
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Using these expansions we can always rewrite our expressions as formal power series in the variables 
zi,Z2 whose coefficients are Laurent power series in q. 

The following result can be extracted from jF JL MM2] . For completeness we give a proof. 

Theorem 6.2. For non-negative integers k,li,l2 such that li + 12 ^ k, we have 

Proof. The set of formal power series iz^zi, Z2) (0 < /i, /21 h-^h ^ k) are uniquely determined 
by 

(i) relations (j6.ip . 

(ii) the normalization xf^ ij^^'*^) ~ 

(iii) the initial condition X-i 12(^1, Z2) = 0. 

All these conditions can be verified for (x_B)fj ^j^'^i'^^) by a direct computation. □ 



6.2. The bosonic formula for the n-modules. For all integers ki,k2,h,l2,h we introduce the 
formal power series in zi, Z2 whose coefhcients are Laurent power series in q: 

(6.3) {^Btt,lM,Z2) = E , w 2. , r -1, iXBt\iM-'^i^2,q-''^'z^') 

^ (g)i(r*22)ooW ^'+^^2 )i 
ik2 i^k2—il2 

[q)i{q^'z2)oo[q ^'+^Z2 )i 

^ik2+l2 i'^k2+il2 

+ E r W 2m ^ , -1^ (XB)f,^,,3(g^^l^2,g-^S-^)- 

^ w)i(r'+^^2)ooW z^ 

Proposition 6.3. For all integers ki,k2,h,l2,h we have 

(6.5) {ipB)'[^;i';%{zi,Z2) = ('^i?)fi'jjil,i3(^l,22) + 4'(V'B)f3V4-«2A(^~^^l'«^2), 

(6-6) (^5)^,^3(^1,^2) = (V'B)Kil,3(-l'-2) +4(^B)f3V.t,,,,(.l,g.2), 

(6-7) {^Bt;i':%{zi,Z2) = {^B)tt%-M^^2) + {Q-'ziZ2f^{^I^B)t%,l2-lsM-l-M^'^)^ 

(6-8) {^B)tt2%i'l^'2) = (V'B)flt.,,3(-l'-2) +4^(v^B)^;Lt,,,+,,,3_,,(g.l,.2). 



Proof. We prove (j6.5p . The proof of other formulas is similar. 



PRINCIPAL SUBSPACES AND QUANTUM TODA HAMILTONIAN 



31 



We have 

\ki,k2 / _ ^ _ J2f,i,\ki,k2 



i>0 



yik2 i'^k2—il2 



E , , , 2. , , -2.+1 -1, (xB)f;,,(g-^.i.2,g-^-+^.2'^)[i - (1 - n 



Jk2+l2 „fik2+il2 
An 



□ 



Theorem 6.4. If {h.h.h) G R^j}'^^ , then 



V ' 

^^^tlfli^ {Zl , Z2) = V\lf^\ {Zl ,Z2). 

If {hMM) ^ Rv''"', then 

(V'B)t£3(^l,^2)=<,53(.l,^2). 

Proof Consider if\lfl,^{z^, z^) {{h^M) G 4""') and ^Ij^l^f^^iz^, z^) {{hMM) G They 
satisfy recursion relations (|3.4U|) - (|3.43|) . 

The series {^psfilf^^i^izi, Z2) {{h^h^h) G R^'^^) and Z2) {{h.h.h) G iJy'''^) satisfy 

relations (IS3D-(ls!ii). 

Because of the uniqueness of the solution (see Proposition 15. 5p it is enough to check that 

1) {^BttU{'l,Z2)=Q, 

2) (V'B),t_1,,3(^l,^2)=0, 

3) {VBtl:\i.SzuZ2)=Q, 

4) (9^B)f,^,f_i(^l,^2)=0, 

5) ('^■B)fci;£mm{fci,«2)(^l'^2) = ('/'b)^! J,mm(fci ,«2)+l (^1 ' ^2) , 

6) (^b)5Si+«2(^1'^2) = (V'B)f,V5l+«2+l(^l'^2). 

We prove the last formula. The proof of the rest is similar. We need to show that 

^ik2^i^k2-il2 

E . w 2»% / -2m -1^ iXBtli^+i^{q''zi,q^'z2) 



Jk2+l2„i'^k2+il2 

, ^2 y ^ ^ « -2j -1\ 



^ik2qi^k2-il2 

E . w 2»% ^ -2»+l -l^ (XB)f,^,f,+;,+i(9~'^l,g^'^2) 



^ik2+l2 „f k2+il2 



E-i/o y , , j^, ^ 2 2i \\ 



32 B. FEIGIN, E. FEIGIN, M. JIMBO, T. MIWA AND E. MUKHIN 

It is sufficient to show that the coefficients of z^^q''^^'^ for each i are equal: 

(6.9) -q-^'~^-+'h,\xB)tl,+i,,{q-'z,,q'^Z2)+q'^'4\XB)t^^^^^ 

= -q'^(^^+^h,\xBZH^,,^liQ-'^uq''^2)+q'''zl^^ 

Each term in (16. 9p has the form X]m>n>o Z]s=o?'fi,/2 ^i' '^2)5's(-Zi) -^2, 9) "^^^re gs are inde- 
pendent of ki, li and l2- 

Equating coefficients of Pi_^ [m, n, 0, zi, Z2) we are led to show 

(6-10) i7zrznrz^n—jMr^ + 



d{m,n,0,q '■zx^q^'^Z'}) d{m,m - n,f),q^z\Z2,q~'^^z^^) 

Z2q 



oj af-*- , . , (m,n,0) a^^ , , , (m,m—n,5) 



+ 



d{m,n,0,q ''■zi,q'^'-Z2) ' d{m,m - n,5,q''ziZ2,q''^^Z2^)' 
Equation (j6.10p is equivalent to the equation 

d{m,n,0,q~^zi,q'^^Z2) _ 1 — q^ 
d{m, m-n,5, q''ZiZ2, q~'^''Z2^) 1 - 229"^+^* ' 

which can be checked by a direct calculation. In a similar way we check that the coefficients of all 
monomials pf^ /jC"^' zi, Z2) coincide. The theorem is proved. □ 

7. Case of ki = k2 and Toda recursion 

In this section we restrict to the case of ki = k2 = k. If {h,l2, h) £ -Ry'^; then ^3 = h + I2, and if 
(^ii ^2, ^3) £ -Rf/'^j then I3 = h + I2 — k. As a result, in (j6.3p and (|6.4p several terms have the same 
dependence on k,li,l2. In principle, these terms can be summed up. However, a direct summation 
is not completely obvious. We use our recursion to obtain the result of the summation, which turns 
out to have a factorized form. 

Set 



{QZi ^Z2 ^)di+d2 



(7.1) Idi,d2izi,Z2) 



{q)dAq)d2{qzi ^)di{qz2 ^)d2{qzi ^z^ ^)d^{qzi ^z^ ^)d2 

Proposition 7.1. The functions /rfj^^jl-^i) -^2) satisfy the following recurrence relation 

_ 1) + _ 1) + ,^^q-d2 _ l))/,^_,^(^^, 

= q'^^~^' Id^-i42{^i, Z2) + Z2q~'^Ud,42~i{zi, Z2). 

We call this relation the Toda recursion. 
Set further 

Jd^,d2izi-,Z2) = -, — r — -. — r — -, r — Idi,d2i^l^ ^2) ■ 

{zi)oo{Z2)oo{ZlZ2)oo 
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Definition 7.2. We define the series ^Jy^x^z-})-: B^_^ (-^i, -22) as follows: 

^di,d2(^l'^2) = Jdi,d2{wi:W2)f{wi,W2), 
Bl^dM^qZ2) = (1 - Z^\^^-''^){-W2)Jd„d2(.Wl,W2), 
^<il,d2(^l'9^2) = (1 - Zi^Z2^q''^^)wlw2Jdi,d2(.Wl,W2), 
Bj^_^^^^_^{zi,qZ2) = (1 - q'^^)i-wi)Jd,M'Wi^W2), 
Bd^_i^d2^iizi,qz2) = (1 - q'^'~'^'' Z2^)wiwlJd,42i'Wi,W2), 
^di,d2-l(^l'9^2) = {I - q''^'z^^Z2^){-wlwl)Jd^^d2{wi,W2), 
^l,d2-l(^l>9^2) = (1 - q'^')Jdud2{wi,W2), 

where wi = ziq^'^^^'^^ , W2 = Z29^'^^~'^S and 

f{wi,W2) = l,f'^{wi,W2) = -Wl, f{wi,W2) = wlw2, 
f{wi,W2) = -wlwl, f{wi,W2) = Wliuj, f{wi,W2) = -^2- 

In this section we prove the following theorem. 
Theorem 7.3. We have 
(7.2) 

(^1' ^2)= E 

di,d2>0 

x[q-'^''^-''^'''^Al^,^{zuZ2) + z[^q''^''-''^-^^^^ 

+ (^1^2)'^+'^9'^''^+'^'M3^^,^(zi,Z2)+zjiz^i+'2^'2{'i2-'ii)+'i'iM^^_^^(zi,Z2) 

and 
(7.3) 

<'l,+.2-.(-l'-2)= E .^'^^.f^.'^C^H^i-^.^.) 
di,rf2>0 

+ (ziZ2)^^+'^g'^'^^+'^'^li?,3^,,,(zi,Z2) + 4^4+'^g'^(''^-''^)+'^'^^i?l,,2(^l,^2) 
^J2g.l,d,-l2(d,^d2)j^l^^^^^^^^^^^y 

The strategy of the proof is as follows. We show that the right hand sides of (j7.2p and (17.3P 
satisfy the recursion relations provided certain relations for and B^_^ are satisfied. We 

prove that these relations hold for A^_^ , B^_^ of the form given in Definition 17.21 This proves 
Theorem 17.31 because of the uniqueness of the solution of the recursion relations (Proposition 15. 6( ). 

Substituting (j7.2p and (j7.3p into the recursion relations, one can easily verify the following three 
Lemmas. 
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Lemma 7.4. The relations 

(1 - q''')Al^a^{zi,Z2) = Bl^^^_,{zuqz2), 

(1 - q''^)A\^^a^{zi,Z2) = B|_i,rf,_i(zi,(?Z2), 

(1 - q-'^'z^^z^^)Al^^a,^{zi,Z2) = B\^^^^{zi,qz2), 
(1 - q-^^z^^z:^^)AX^^^{zi,Z2) = BX^a,-iizi,QZ2), 
(1 - q''--''^z^')AX^a^{zi,Z2) = Bl^,^^^_,{zi,qz2), 
(1 - q''^-''^z,')Al^^,,^{zi,Z2) = Bl^,^{zi,qz2) 

imply the recursion 

Lemma 7.5. The relations 

(1 - q''^)AX^^^{zi,Z2) = BX_,^a^{qzi,Z2), 

(1 - q''^-''^z^')Al^^aM^Z2) = BX^,^{qz^,Z2), 

(1 - q''--''-z^^)A\^^^{z^, Z2) = Z2), 

(1 - q-''^z^h^^)Al^a^{zi,Z2) = Bl_^^a^{qzi,Z2), 

(1 - g-'^2zr'^2~'X,d.(^i,^2) = BX,d,{q^i,Z2), 

(1 - q''^)AX^^^{zi,Z2) = BX-i,d,-iiq^i,^2) 

imply the recursion 

C^-^) ^K2,h+/2(^i'^2) = ^f;!i,/2,«,+z2_i(zi,z2) + 4Vfc:^/i,/i+/2,/2(^^i,22). 

Lemma 7.6. The relations 

(1 - q''')BX^,^{z,,Z2) = Z2-'g'^^-'^+'<,,,_i(^i,^2) + ^l,,,_i(9'izi,gz2), 

(1 - q-^^z^h^')Bl^^^{zi,Z2) = z^'q''--^^+'AX^,^a^{zi,Z2) + AX^,^^^{q-'zi,qz2), 

(1 - g-'^^zrlz2-l)B^^,^^(zi, Z2) = g''^+X+M,+l(^l, ^2) + <+M,(9~'^l, 9^2)^ 

(1 - q^^-''^z,')BX,dM^Z2) = g'^^+l^i,,,,+i(zi,Z2) + Al^,^{q-' z^,qz2), 
(1 - q''^-'''z,')Bl^,^{zi,Z2) = z^'z,'q-''^+'Al_,^,^{z,,Z2) + (^z^^zi, 9^2) 

imply the 3-term relation 

(^•6) v^f.'l/i+i.-fcl^i, ^2) = 22)+ 

4'V'f;t2_fc,fc_«2,,i(9"^^i,g^2)+ 

Proposition 7.7. T/ie series A^^ B^_^ satisfy all relations from Lemmas \7. 41 \ 7.5\ \ 7.6[ 
Proof. The proposition is proved by a direct calculation. 
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Proof of Theorem \7.3\ Theorem 17.31 follows from Lemmas I7.4fl7.61 Proposition 17.71 and Proposi- 



tion El □ 
Recall that ■j/^q'q q(zi, 2:2) is equal to the character of the principal subspace of the level k 

vacuum sta module. In this case, one can further sum the six terms in (j7.3p to obtain the following 
corollary: 

Corollary 7.8. 

di,d2>0 

where Jd^^dii^i-: ^2) = Jd^.^al^i, ^2)(1 - zi){l - Z2){1 - Z1Z2). 

Corollary 7.9. The functions I d^^d2izi, Z2) satisfy the following relations: 

(7.8) Idi,d2{zi,Z2) = \ 7-^ Ini,n2{zi,Z2). 

\.Q)di-ni{Q)d', 



ni=0 n2=0 



2- "2 



Proof. We recall the fermionic formula for the character of V'': 

^E^i „Z)^,=i inm{i,j){ninj-minj+mimj) 

chy^ = y £i — £2 — 

mi ,. .. >0 

Summing up all terms with the fixed values of and we obtain the relation 

kn km k{n^ —mn) 

(7.9) Chy'== y ^ ^ ^\ , , Chy'=-l(g2"-'»zi,g2m-n^^)_ 

(9)n(g')m 

n,m>0 

Substituting ([721) into ([73]) we obtain (US]). □ 
Corollary 7.10. The function /di,d2(-2ij -^2) given by the fermionic formula 

{mi}i>Oi{"i}i>0 



-^6(1,^2(^11^2)- ^ l-T ^ 

{Q)di—ni\Q)ni—n2 ■ ■ ■ {Q)d2—ini\(l)mi—m2 ■ ■ 



where the sum is over all sequences {mj}i>o, {nj}j>o satisfying mi,ni £ Z>o and di > ui > n2 > 
■ ■ ■ , d2 > mi > m2 > • • • , and mi = rii = for almost all i. 

Proposition 7.11. We have Id^^diizi, Z2) = Eni'D'^'''^'''' ^di,d2,n(^i, 2^2), where 
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Proof. Using the equality V'o'o o(-^i' -^2) = ch.V'' and formula (|6.4p we obtain 

+ E ( N ( 2i+l \ I -2i iXB)iQ{q'ziZ2,q-^'z^^). 

Recall formula (j6.2p . Because of the equalities 

ol™-' -^j -^1' -^2) = z\^Z2^ , aQQ{m, n, s) = k{w? + — mn), 
the right hand side of (|7.1ip can be rewritten as 

min{di ,1^2) 

di,d2>0 n=0 

where Jd^,d2,n{^^^ = (9^1)00(9^2)00(9^1^2)00 -^'^i''^2,n(^i, ^2)- Now the proposition follows from Corol- 
laryES 00 00 00 ^ 

8. WhITTAKER VECTOR AND THE CHARACTER OF THE VACUUM MODULE 

8.1. The quantum group [/^(sla). Let [/^(sta) be the quantum group associated to sis. The 
quantum group [/^(sls) is an associative algebra over the field of rational functions C{v) in formal 
variable v with generators K^^, Ei, Fi, i = 1,2, satisfying the standard commutation relations: 

K,Kr^ = 1, K,K, = KjKi, 

KiEi = v'^EiKi, KiFi = v-^FiKi, K^Ej = y-^EjKi, KiFj = vFjKi, 

K — 

EF- — FE- — - EF- — FE- 

V — 

EfEj -{v + v~^)E,EjEi + EjEf = 0, FfFj - [v + v-'^)F,FjFi + FjF^^ = 
for all i,j = 1,2, iy^ j. 

We extend the algebra [^(5(3) by the operators K- in the obvious way and use the same 
notation [/^(sls) for the resulting algebra. 

Let Z E [/^((sls) be the quadratic Casimir operator given by: 

Z = v-'K-'''Kf" + kI"k-"' + v'Kl^Kt" 

+{v - v-^f{v-^FiEiK~^'''Kf'' + vF2E2KI'^kI'^ + v'^ F^^Ei^R-^'^ kI'""), 

where -F13 = F2F1 — VF1F2 and -E13 = E1E2 — VE2E1. 

Lemma 8.1. The element Z is in the center ofUvisls). 

Proof. The lemma is proved by a direct calculation. □ 
We have an anti- isomorphism of C(f )-algebras r given by: 

r: Uyish) ^Uy{sk), Ei ^ Fi, Fi ^ Ei, Ki^K,. 
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We have an isomorphism of C(i;)-algebras v given by: 

u: U^{sh)^U^{sh), E^^E^-,, F^^F3-^, K.^K^-^. 
We also consider the quantum group C/^-i(st3) with parameter v~^. Denote the generators of 

We have an isomorphism of C(u)-algebras a given by: 

a: U^isls) -^U^-i{sh), Ei ^ Ei, Fi ^ Fi, Ki ^ Kr\ 
Clearly, all these maps commute: t o a = a o t, t o ly = 1/ o t, v o a = a o u. 

8.2. Verma modules. Let Ai, A2 be formal variables. Set A3 = — Ai — A2. 

Let C{v,v'^^ ,v'^'^) be the field of rational functions in formal variables v,v'^^ ,v'^'^ . Let 'Jl be the 
ring spanned by all elements of the form where g G C(i', v^^ ,v'^^) , with the obvious operations 
of addition and multiplication. In what follows, we consider the quantum groups with the extended 
cocfhcicnt ring: Uy{sls) 'S>c{v) Uy-i{sl3) 'S>c{v) ^- We use the same notation [/'^(sla), ?7„-i(st3) for 
the extended algebras. 

Let be the [/„(5l3)-module generated by the highest weight vector w with the defining relations: 

Kiw = v^^-^^w, K2W = v^^-^^w, Eiw = 0, E2W = 0. 

Similarly, let V^-i be the ?7^-i (s[3)-module generated by the highest weight vector w with the 
defining relations: 

Kiw = v^^~^^w, K2W = v^^~^^w, Eiw = 0, E2W = 0. 

Wc call Vy and V.y-i the Verma modules over Uy^sl^) and L^y-i(5[3), respectively. 
We denote by Vv{di,d2) C and by V^-i (di, 0^2) C V^-i the weight subspaces: 

Vv{di,d2) = {Wi G V„ I KiWi = v^i-^^-^di+d2^^^ j^^^^ ^ ^A2-A3-2d2+di^j^ 
V^-i{di,d2) = {W2 e V„-i I K1W2 = v^^-^'+^'^^-'^^W2, K2W2 = i;^3-^2+2d2-<ii^2-j._ 

We have V, = e^,rf,=oV.(di, ^2), = e^,,,=oV,-i(di,d2). 

Lemma 8.2. There exists a unique non- degenerate Ji-bilinear pairing ( , ) : Vy V^-i — > 01 such 
that {w, w) = 1 and 

{gwi,W2) = {wi,{a oT){g)w2), 
for any wi € Vy, W2 e V^-i, g € Uy{si3). 

Proof. The proof is standard. □ 
In what follows, we use the following notation: 

W = i[% [a], = ^[a + ^]. 

i=l 1=0 



V — V ^ 



38 B. FEIGIN, E. FEIGIN, M. JIMBO, T. MIWA AND E. MUKHIN 

The Verma module V^, has the Gelfand-Tsethn basis {^Ti^i^dj," I di,d2,n G Z>o, n < mm{di, ^2)} 
(see [T]). In this basis the action of the 11^(513) is given by: 

Eimdi42,n = y/bi{di,d2,n)md^-i,d2,n-i + VhJJkAi 

Fimdi,d2,n = V^lidl + l,C^2,n+ l)m-(ii+l,d2,n+l + y&2(d7TM2^?1T'di+l,d2,ri, 

E2mdi,d2,n = \/a{di,d2,n)md^42-i,n, ^2m-di,d2,n = a/ a{di,d2 + 1, n)md^^d2+i,ni 

where 

a{di,d2,n) = [(i2 - n] [A2 - A3 + di - ^2 - + 1], 

[d2-n + 1] [n] [A2 - A3 - n + 1] [Ai - A3 - n + 2] 



bi{di,d2,n) 
62(^1, 1^2, n) 



[A2 - A3 + di - 2n + 1][A2 - A3 + - 2n + 2] ' 
[di - n] [A2 - A3 + di - (^2 - n] [A2 - A3 + di - n + 1] 
[A2 - A3 + di - 2n][A2 - A3 + di - 2n + 1] 

[Ai - A2 - di + n + 1] 



1 

Remark 8.3. Our formulas are identified with the formulas in [j] as follows. Let the vector 
m{di, d2,n) correspond to the Gelfand-Tsetlin pattern in [J] given by: 

-A3 — A2 — Ai 

-A3 - n -A2 - di+n 

-A3 - d2 

Then the action of g G Uy{5l3) in our paper is given by formulas for the action of v^g) in [j]. 

Similarly, we have a Gelfand-Tsetlin basis of the Verma module V^-i, 
{mdi,d2,n I di,d2,n £Z>o,n<mm{di,d2)}. 

Lemma 8.4. We have 

("idi,d2,n'^<i'i,4,n') = ^di,d[^d2,d'2^n,n' ■ 

Proof. The Shapovalov form on V„ is the unique non-degenerate symmetric bilinear form such that 
the length of the highest weight vector is 1 and every g G Uv{5[3) is dual to T{g). According 
to [J], the Gelfand-Tsetlin basis is orthonormal with respect to the Shapovalov form in The 
lemma follows. □ 

8.3. Whittaker vectors. We call a series to = YIT^ d2=o^<ii,d2J '^^1,^2 ^ '^vidi,d2), the Whittaker 
vector if cjq.o = 1 and 

ElK^^UJd^,d2 = n^di-l,d2, E2UJdi.d2 = -, n^dl,d2-l- 

We call a series to — X]d^,d2=o'^'^i:'^2' ^di,d2 ^ ^v-^{di, d2), the dual Whittaker vector \i loq^ — 1 
and 

-_ V _ - - _ V _ 

ElLLldi,d2 = ^ _ ^_2 ^d-i_-l,d2i E2K2UJdi,d2 = _ ^_2 ^di42-l- 
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Remark 8.5. Because of the quantum Serre relations, there are no non-zero vectors invariant under 
the action of Ei and E2 (except for the multiples of the highest weight vector w). The operators 
ei = EiK^^ and 62 = E2 satisfy 

e\e2 - (1 + f^)eie2ei + v'^e2e\ = 0, 6261 - (1 + f ~^)e2eie2 + f "^eie^ = 0, 
which does not prohibit the existence of non-trivial Whittaker vectors. 
Let r(di,d2,n) and s{di,d2) be given by the formulas: 

r{di,d2,n) = (A3 - A2 - c?i - l)n + + (A2 - Ai + l)c?i + , 
s{di,d2) = -dl - dl + did2 + (Xi - X2)di + iX2 - ^3)d2- 
Let c{di,d2,n) be given by the formula: 

1 



c{di,d2,n) 



[di - n]l[d2 - n]\[n]\ 

[A2 - A3 + 2], 



[Ai - A2 - di + n + l]d,-n[Xi - A3 - n + 2]„[A2 - A3 + 2]d,_„ 

1 

[A2 - A3 + di - ^2 - + l]d2-n[X2 - A3 + di - 2n + 2]oo[A2 - A3 - n + !]„■ 
Note that c{di, d2,n) is a rational function in v,v^^,v^'^, which is invariant under the change 

Set 

^d,,d2,n = (^_^_\^,^+,, ^-^^'^""""^+^^'^""^Vc(^i,^2,n) fnd„d2,n. 

Theorem 8.6. The Whittaker vector uj and the dual Whittaker vector ui exist, are unique and are 
given by the formula: 

min{di,d2) min{di ,1^2) 

^di,d2 = ^di,d2,n^ ^di42 — ^di,d2,n- 

n=0 n=0 

Proof. The theorem is proved by a direct calculation. □ 

8.4. Toda recursion. In this section we describe a relation between the Whittaker vectors, the 
Toda recursion and the characters of n-modules. Such relations hold with the following identifica- 
tion: 

q = v'^, zi=g^i-^2+i, Z2 = q^''^''^\ 

which we always assume in this section. 

The following lemma can be extracted from [E]. 



Lemma 8.7. The functions {uj(ii42^^di,d2) satisfy the Toda recursion given in Proposition 1.1 
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Proof. The Casimir operator Z £ [7^,(513) acts in the cychc module Vy by a constant which is readily 
computed on the highest weight vector. Therefore, we have 

On the other hand, 

{ZuJdj,d2^^dud2) = {{v~'^ K^^^^ K^'^^^ + Kf^^K^"^^^ + kI'^ Kl'^)ujdi42^^di42) 
+ {v - v'^f (v'^{EiK^^^^ K2^^^uJdi,d2, EiLVdi^d^) + v{E2K'^^^ K^^^Ududi, E20jdi,d2)) 

-q-^'-'''^''H^d,-i,d2,^d,-i,d2) - q'^'"''^\^d,42-i^^d,42-i)- 

In this computation we used Ei^ujdi,d2 — 0- 

The lemma follows. □ 

Corollary 8.8. We have ^142(^1^^2) = (wdi,d2''^rfi,<i2)' where 1^1,^2(^1,2:2) is given by ([TTD. 

Proof. The corollary follows from the uniqueness of the solution of the Toda recursion, Lemma 18.71 
and (O). □ 



Recall the functions Idi42,n{zi, Z2) given by ()7.10p . The following theorem explains the meaning 
of these functions from the point of view of Whittaker vectors. 

Theorem 8.9. We have 

Idi,d2,n{zi, Z2) = {l^di,d2,n-,^di,d2,n)- 

Proof. It is easy to see from the explicit formulas that there exist integers r{di, d2,n) such that 

(di ,d2 ,n) ^ j^^ (Zi , Z2) md^42,n = ^di,d2,n- 

Let Idx42,n{zi, Z2) be obtained from Idi42,n{zi^ Z2) by the change v 1— > , v^^ 1— > v~^^ , v'^'^ 1— > v~'^^. 
Then we have 

It is also easy to check explicitly that 

v'^'^^''^''^^Id^42,n{^l^Z2) = ^/di,d2,n(2l,22). 

The theorem follows. □ 

Remark 8.10. In fact, we guessed the formulas for the Whittaker vectors in Theorem 18.61 expecting 
that Theorem 18.91 is true. 



We recover the result of Proposition 17. Ill 
Corollary 8.11. We have Idi,d2izi^ ^2) = Yln=o'^^''^^^ Id^42,n{zi,Z2). 

Remark 8.12. In [IS] the classical limit (corresponding to w ^ 1) of the function Idx42{zi^ ^2) is 
written as a sum of min((ii,d2) factorized terms. The classical limits of our terms differ from the 
terms in [IS]. 
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